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Abstract
In this paper, we study the local gradient estimate for the positive solution to the following equation:
u + au logu + bu = 0 in M,
where a < 0, b are real constants, M is a complete non-compact Riemannian manifold. Our result is optimal
in the sense when (M,g) is a complete non-compact expanding gradient Ricci soliton. By definition, (M,g)
is called an expanding gradient Ricci soliton if for some constant c < 0, it satisfies that
Rc = cg + D2f,
where Rc is the Ricci curvature, and D2f is the Hessian of the potential function f on M . We show that for
a complete non-compact Riemannian manifold (M,g), the local gradient bound of the function f = logu,
where u is a positive solution to the equation above, is well controlled by some constants and the lower
bound of the Ricci curvature.
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In this paper, we mainly study the local gradient estimate for the positive solution to the
following elliptic equation:
u + au logu + bu = 0 in M, (1)
where a < 0, b are real constants. Such kind of nonlinear equation is closely related to the fa-
mous Gross Logarithmic Sobolev inequality. In the previous study, people pay more attention to
heat kernel estimates of the linear heat equations and the Schrödinger equations [4,5,11,15] and
one may see [6,7] for more background and results in this area. However, there are not much
results on gradient estimates for solutions to nonlinear equations (see also [10]). Throughout
this paper, we shall assume that the Riemannian manifold (M,g) is a complete non-compact
Riemannian manifold of dimension n  3 with Ricci curvature bounded below by the constant
K := −K(2R), where R > 0 and K(2R)  0, in the metric ball B2R(p) for some fixed point
p ∈ M . Replacing u by eb/au, we can assume that b = 0. That is, we only need to study the
diffusion equation
u + au logu = 0 in M. (2)
We have the following result.
Theorem 1. Let (M,g) be a complete non-compact Riemannian manifold of dimension n  3
with Ricci curvature bounded below by the constant −K := −K(2R), where R > 0 and
K(2R)  0, in the metric ball B2R(p). Let u be a positive solution to (2) with a < 0. Let
f = logu and let (f,2f ) be the maximum among f and 2f . Then there are two uniform positive
constants c1 and c2 such that
|∇f |2 + a(f,2f ) n((n + 2)c
2
1 + (n − 1)c21(1 + R
√
K ) + c2)
R2
+ 2n(|a| + K)
on BR(p).
In the remaining part of this section, let us see why our result is almost optimal by considering
Ricci solitons. In fact, our consideration of (1) is motivated by the understanding Ricci flow
introduced by R. Hamilton [8]. In the study of Ricci flow, we often meet the so called Ricci
solitons, which are self-similar solutions to Ricci flow and they arise in nature in the blow up
process of the long time existence or convergence of the flow. The classification of Ricci soliton
is very important in applications, see [8,9,12,16]. Our result is closely related to the local gradient
estimate of the expanding gradient Ricci solitons, whose definition is recalled below.
Definition 2. We call a Riemannian manifold (M,g) a gradient Ricci soliton if there is a smooth
function f on a Riemannian manifold (M,g) such that for some constant c ∈R, it satisfies
Rc = cg + D2f (3)
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metric g. We may call the function f the potential function of the soliton (M,g). If c > 0 in (3),
(M,g) is called a shrinking soliton; if c = 0, (M,g) is called a steady soliton; and if c < 0, it is
called an expanding soliton.
We denote by s the scalar curvature of the metric g. Our assumption on the lower bound of
Ricci curvature implies that
s −nK in B2R(p).
We now recall some basic properties about Ricci solitons [8,13,14]. Taking the trace of both
sides of (3), we have
s = nc + f. (4)
Using the contracted Bianchi identity, we can deduce that
|∇f |2 + s + 2cf = A0, (5)
where A0 is a constant. Generally speaking, it is interesting to find the exact value of the con-
stant A0, which can also be determined by choosing extremal point of f . Using the bound of the
scalar curvature, this gives us a global gradient estimate of the function f that
|∇f |2 + 2cf A0 + nK. (6)
This says that our local gradient estimate is optimal. In fact, using (4), we are led to consider the
equation
|∇f |2 + f + 2cf = A0 − nc.
Then letting u = ef , we find that
u + 2cu logu = (A0 − nc)u. (7)
Equation (7) is in the class of (1), which is a very simple non-linear elliptic equation on a com-
plete non-compact Riemannian manifold. Surprisingly, we cannot find any local gradient bound
for positive solutions u to (1) on non-compact Riemannian manifolds in literature. In fact, it
would be interesting to consider the local gradient estimate for positive solutions to following
evolution equation:
ut = u + au logu + bu in M, (8)
where a, b are real constants.
The proof of Theorem 1 will be given in the next section. We will use the argument used by
Calabi [2] and Cheng, Yau [3]. See also [15] for nice results. However, our case is a little more
complicated than theirs. We remark that there are very few results for expanding solitons.
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We recall the following Weitzenbock–Bochner formula [1].
Proposition 3. For a smooth function h on M , it holds that
|∇h|2 = 2(∇h,∇h) + 2∣∣D2h∣∣2 + 2(Rc)(∇h,∇h), (9)
where Rc is the Ricci tensor of the metric g.
We now prove Theorem 1.
Proof. We do the gradient estimate in two steps.
Step 1. Let ξ be a cut-off function such that ξ(r) = 1 for r  1, ξ(r) = 0 for r  2, and
0 ξ(r) 1. Actually we can choose ξ such that for some constants c1 > 0 and c2 > 0,
0 ξ−1/2(r)ξ ′(r)−c1 and ξ ′′(r)−c2.
Fix a point p ∈ M . Denote by d(p,x) the distance between x and p in M . Let R > 0 and let
φ(x) = ξ
(
d(x,p)
R
)
.
Using an argument of Calabi [2] (see also [3]), we can assume without loss of generality that the
function φ is smooth in B2R(p). Then clearly we have
|∇φ|2
φ

c21
R2
.
By using the Laplacian comparison theorem (see [1, Theorem 1.53, p. 20]), we have
φ − (n − 1)c
2
1(1 + R
√
K ) + c2
R2
.
Step 2. Let
f = logu.
Then using Eq. (2) we have
f = −af − |∇f |2. (10)
Let F = |∇f |2 + βf , where β is a constant to be determined. Then we have
F = −f + (β − a)f,
or
f = −F + (β − a)f.
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F = βf + 2(∇f,∇f ) + 2∣∣D2f ∣∣2 + 2Rc(∇f,∇f )
= β(−F + (β − a)f )− 2(∇f,∇F) + 2∣∣D2f ∣∣2
+ 2(Rc + β − a)(∇f,∇f ). (11)
Since Rc−K in B2R(p), we obtain that
F  β
(−F + (β − a)f )− 2(∇f,∇F) + 2∣∣D2f ∣∣2
+ 2(β − a − K)(F − βf )
 (β − 2a − 2K)F − β(β − a − 2K)f
− 2(∇f,∇F) + 2
n
|f |2
= (β − 2a − 2K)F − β(β − a − 2K)f
− 2(∇f,∇F) + 2
n
∣∣−F + (β − a)f ∣∣2, (12)
where we have used the fact
∣∣D2f ∣∣2  1
n
|f |2.
We consider the maximum point z ∈ B2R(p) of the compact supported smooth function
φF [3]. We assume that
Λ := sup
B2R(p)
φF > 0.
For if Λ 0, then the theorem is already true. At the point z, we have that
∇(φF ) = 0, (φF) 0.
By these relations, we have at z,
Fφ + φF − 2Fφ−1|∇φ|2  0,
and then, for
B = 2c
2
1 + (n − 1)c21(1 + R
√
K ) + c2
R2
,
we have
φF 
2c21 + (n − 1)c21(1 + R
√
K ) + c2
2 F = BF.R
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BφF  φ2
(
(β − 2a − 2K)F − β(β − a − 2K)f )
− 2φ2(∇f,∇F) + 2
n
φ2
∣∣−F + (β − a)f ∣∣2.
Since at z,
−φ(∇f,∇F) = (∇f,∇φ)F −c1
R
F(F − βf )1/2φ1/2,
then we have
BφF  φ2
(
(β − 2a − 2K)F − β(β − a − 2K)f )
− 2c1
R
F(F − βf )1/2φ3/2 + 2
n
φ2
∣∣−F + (β − a)f ∣∣2
at point z. In the last inequality, we have used 1 φ  0. Set
μ = f/F.
Then we have
BφF  φ2
(
(β − 2a − 2K) − β(β − a − 2K)μ)F
− 2c1
R
(1 − βμ)1/2F 3/2φ3/2 + 2
n
φ2F 2
∣∣1 + (a − β)μ∣∣2. (13)
In other words, we have
BΛ φ
(
(β − 2a − 2K) − β(β − a − 2K)μ)Λ
− 2c1
R
(1 − βμ)1/2Λ3/2 + 2
n
Λ2
∣∣1 + (a − β)μ∣∣2.
Hence,
B + φ((−β + 2a + 2K) + β(β − a − 2K)μ)+ 2c1
R
(1 − βμ)1/2Λ1/2
 2
n
Λ
∣∣1 + (a − β)μ∣∣2. (14)
Note that
2
c1
R
(1 − βμ)1/2Λ1/2  1
n
Λ
∣∣1 + (a − β)μ∣∣2 + nc21(1 − βμ)
R2|1 + (a − β)μ|2 .
Using (14), we get that
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R2|1 + (a − β)μ|2
 1
n
Λ
∣∣1 + (a − β)μ∣∣2.
Then we obtain that
Λ n|1 + (a − β)μ|2
[
B + φ((−β + 2a + 2K) + β(β − a − 2K)μ)
+ nc
2
1(1 − βμ)
R2|1 + (a − β)μ|2
]
. (15)
Recall that a < 0. We consider two cases when (1) f (z)  0 (i.e., μ  0) and (2) f (z) > 0
(i.e., μ > 0).
(1) Note that f (z) 0 and μ 0. Choose
β = a
in (13). Then we have 2aKf  0 and we can drop the term 2aKf on the right-hand side of the
inequality above. That is, we have
BφF −φ2(a + 2K)F − 2c1
R
F(F − af )1/2φ3/2 + 2
n
φ2|F |2.
Recall that at z, F = |∇f |2 + af  af and we have
0 aμ 1.
Then,
BΛ−(|a + 2K|)Λ − 2c1(1 − aμ)1/2
R
Λ3/2 + 2
n
Λ2.
Re-writing this and using the Cauchy–Schwarz inequality
2
c1(1 − aμ)1/2
R
Λ3/2  1
n
Λ2 + nc
2
1(1 − aμ)
R2
Λ,
we find that
1
n
Λ2 
(
B + nc
2
1(1 − aμ)
R2
+ |a + 2K|
)
Λ,
which implies that
Λ n
(
B + nc
2
1(1 − aμ)
2 + |a + 2K|
)
.R
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sup
BR(p)
F Λ n
(
B + |a + 2K| + nc
2
1
R2
)
.
Then we have that
|∇f |2 + af  n
(
(c21 + (n − 1)c21(1 + R
√
K ) + c2)
R2
+ |a + 2K|
)
,
on BR(p).
(2) In this case, we have μ > 0.
Choose β = 2a in (15). Note that
(1 − 2aμ)
|1 − aμ|2  1,
∣∣1 + |a|μ∣∣2  1.
Hence, we have
sup
BR(p)
F Λ
n(2c21 + (n − 1)c21(1 + R
√
K ) + c2)
R2
+ n
2c21
R2
+ 2n(|a| + K).
Combining the two estimates in cases (1) and (2), we get the conclusion of Theorem 1. 
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